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PROFINITE EXTENSIONS OF CENTRALIZERS AND THE
PROFINITE COMPLETION OF LIMIT GROUPS
PAVEL ZALESSKII AND THEO ZAPATA
Abstract. We introduce and investigate a class of profinite groups defined via
extensions of centralizers analogous to the extensively studied class of finitely
generated fully residually free groups, that is, limit groups (in the sense of Z.
Sela). From the fact that the profinite completion of limit groups belong to this
class, results on their group-theoretical structure and homological properties are
obtained.
1. Introduction
In the last decades, limit groups have been attracting the attention of many
mathematicians (e.g., [CG05], [AB06], [BH07], [CZ07], [Wil08], [Koch10], [BK17]),
specially because they played a fundamental role in the recent solution ([Sel01] et
seq. and [KhM98a] et seq.) of the outstanding Tarski problem on free groups.
Two basic group-theoretical reasons for so much attention are the following:
limit groups are approximable by free groups, according to their many definitions
(cf. [Sel01], [BBau67], [Rem89], [KhM98a]); and, limit groups constitute a class of
groups that envelopes free groups of finite rank and free abelian groups of finite
rank. Limit groups also have many interesting properties. Some of their most
simple properties are: being torsion-free, having infinite abelianization (if the group
is non-trivial), that solubility implies commutativity, being centerless, and being
commutativity-transitive (cf. [CG05, Prop. 1]).
Our present work introduces and studies a class of profinite groups Z, defined
via extensions of centralizers analogous to limit groups.
A profinite extension of a centralizer is a free profinite amalgamated product
G∐CA, where A is a finitely generated free abelian profinite group, C is a procyclic
direct factor of A, and NG(H) = C for every non-trivial closed subgroup H of C.
The class Z consists of all finitely generated closed subgroups of profinite groups
obtained by finitely many iterated extensions of centralizers starting from a free
profinite group of finite rank (see Section 3 for details).
The following results are proved in sections 3 and 4.
Theorem A. Let G be a profinite group in the class Z. Then G has finite
cohomological dimension and hence is torsion-free; furthermore, if its
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cohomological p-dimension cdp(G) is ≥ 2 then cdp(G) = max{2, αp(G)}, where
αp(G) is the supremum of the cdp(A) with A running over the abelian closed
subgroups of G. In particular, this gives a uniform (finite) bound for the rank of
abelian subgroups of G.
The next theorem is a statement of a Tits alternative flavour.
Theorem B. Let G be a profinite group in the class Z. Then G has no non-
abelian free pro-p closed subgroup for each prime p if, and only if, G is abelian or
meta-procyclic projective.
We also completely describe the finitely generated pro-p subgroups of groups
from class Z.
Theorem C. A pro-p group in the class Z is a free pro-p product of free abelian
pro-p groups.
One of the main properties of limit groups is commutative transitivity. This
properties already fails for free profinite groups. The next theorem describes those
that are commutativity-transitive, showing that this property for profinite groups
is quite restrictive.
Theorem D. A commutativity-transitive profinite group in the class Z is either
pro-p (as described in Theorem C) or abelian.
We prove that the profinite completion of a limit group belongs to the class Z;
that gives a source of important examples. Thus all above theorems are true for
finitely generated subgroups of the profinite completion of a limit group.
Theorem E. The profinite completion of a limit group belongs to the class Z.
We also establish more specific properties for the profinite completion of limit
groups:
Theorem F. Let G be the profinite completion of a limit group. Then:
(a) G is of homological type FP∞ over Fp and over Zp.
(b) the homological Euler-Poincare´ characteristic of G over Fp or Zp coincides
with the homological Euler-Poincare´ characteristic χ(Γ) of Γ over Z; hence
it is always ≤ 0 and equals 0 if, and only if, Γ is abelian.
(c) if U1 ⊇ U2 ⊇ U3 ⊇ . . . is a descending sequence of open normal subgroups
of G with trivial intersection, then
lim
k→∞
dimFp Hq(Uk,Fp)
(G : Uk)
= lim
k→∞
dimFp H
q(Uk,Fp)
(G : Uk)
=
{
−χ(Γ), if q = 1,
0, otherwise.
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The techniques involved in proving our theorems consist of the profinite version
of Bass-Serre theory of groups acting on trees (e.g., [Rib17], [ZM88] and [ZM89])
and homological methods (e.g., [Ser94] and [RZ00b]). The fact that the profinite
completion of a limit group belongs to our introduced class, relies on the result
established by H. Wilton [Wil08, Thm. B] that limit groups virtually retract onto
each of its finitely generated subgroups, and also on a result about centralizers in
the profinite completion of limit groups obtained by S. Chagas and P. Zalesskii
[CZ07, Lemma 3.5]. Some facts of the combinatorial theory of profinite groups are
collected in Section 2.
Theorems A, B, D, and E were proved for our new class of profinite groups in
the Ph.D thesis [Zap11, Cap. 2].
In the final section of the paper we comment on group-theoretical properties of
groups belonging to the class of limit groups, to the class of pro-p groups studied
by Kochloukova and Zalesskii [KZ11], and to the presently defined class of profinite
groups via extensions of centralizers.
Notation. Throughout this paper, p is a prime number. The field of p elements
is denoted by Fp. The additive group of the ring of p-adic integers is Zp. If π is a
set of prime numbers, then Zπ denotes the cartesian product
∏
p∈π Zp; the set of
all prime numbers but p is denoted by p′.
For a subset A of a topological groupG we denote by 〈A〉 the (abstract) subgroup
of G generated by A and by A the topological closure of A in G; the subgroup of G
topologically generated by A is 〈A〉. By d(G) we denote the smallest cardinality of
a (topological) generating subset of a profinite group G. The profinite completion
of a discrete group Γ is Γ̂.
For a profinite group G acting continuously on a space X we denote the point
stabilizer for each x in X by stabG(x).
Henceforth, we use capital greek letters for discrete groups and capital roman
letters for profinite groups. The rest of our notation is very standard and basically
follows [RZ00b] and [RZ00a].
2. Preliminary results
In this section we collect a few results on the combinatorial theory of profinite
groups used in the paper. Further information on this subject can be found in
[RZ00b], [RZ00a], and [Rib17]. For the cohomology theory of profinite groups we
refer to [Ser94, Ch. I] and [RZ00b, Ch. 6 and 7].
An amalgamated free profinite product G = G1 ∐C G2 is proper if the canonical
maps G1 → G and G2 → G are injective. We shall make use of the fact proved by
L. Ribes [Rib71, Thm. 2.3] (cf. [RZ00b, Exerc. 9.2.6]) that an amalgamated free
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profinite product is proper, whenever the amalgamating subgroup is central in one
of the amalgamated free factors.
Proposition 2.1 ([RZ96, Cor. 2.7(ii)]). Let G1 and G2 be profinite groups with a
common procyclic subgroup C such that G = G1 ∐C G2 is proper. Let c ∈ C. The
following relation among normalizers holds, NG(〈c〉) = NG1(〈c〉) ∐C NG2(〈c〉).
We assume basic concepts and facts of the profinite version of Bass-Serre theory
as developed by Mel′nikov, Ribes, and Zalesskii [ZM88], [ZM89], and [Rib17]; in
particular, we only mention here that a profinite tree is an acyclic connected profinte
graph. For our purposes we emphasize the following two results. The first is a sort
of Tits alternative; the second has no abstract analogue (here the compactness of
the tree is essential).
Theorem 2.2 ([Zal90, Thm. 3.1]). Let G be a profinite group acting on a profinite
tree T . Then one of the following holds:
(a) G stabilizes some vertex of T .
(b) G has a non-abelian free pro-p subgroup P such that P ∩ stabG(v) = {1},
for each vertex v of T .
(c) There exists an edge e of T , whose stabilizer stabG(e) is normal in G and
G/ stabG(e) is isomorphic to one of the following profinite groups: (c.1)
a projective group Zπ ⋊ Zρ, where π ∩ ρ = ∅; (c.2) a Frobenius group
Zπ ⋊ Z/mZ, where m is not divisible by any prime of π and [k, c] 6= 1 for
each k ∈ Zπ−{0} and each c ∈ Z/mZ−{0}; (c.3) the infinite dihedral pro-π
group Z/2Z∐π Z/2Z isomorphic to Zπ ⋊ Z/2Z, where 2 ∈ π.
Proposition 2.3 ([Zal90, Lemma 1.5] complemented by [Ser77, Prop. 19]). Let G
be a profinite group acting on a profinite tree T . There exists a (non-empty)
minimal G-invariant profinite subtree D of T . Moreover, if D has more than one
element, then D is unique and infinite.
In order to prove the main result of the following section, we recall the concept
of the Tits straight path (cf. [Tit70, Prop. 3.2, p. 192] or [Ser77, Prop. 24]). Let X
be an abstract tree and denote its (canonical) length function by l and its vertex
set by V (X). Let α be a fixed-point-free automorphism of X . The set of all vertices
v of X such that l(v, α(v)) = infw∈V (X) l(w,α(w)) constitute the vertex set of a
unique straight path (i.e., a doubly infinite chain) Tα; this subtree Tα is called the
Tits straight path of α. If [v, w] denotes the unique path joining vertices v and w
in a tree and [v, w[ = [v, w]− {w}, then Tα = 〈α〉[v, αv[ for any v in Tg.
For the reader’s convenience the next proposition collects fundamental facts in
the profinite usage of the Tits straight path (cf. [RZ96, proofs of Lemma 2.8 and
Prop. 2.9]; [ZM88, Example 1.20A] and the previous Proposition 2.3; and [RSZ96,
proof of Lemma 4.3]).
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Proposition 2.4. Let Γ = A∗ZB be a free product with 1-generated amalgamation.
Assume Γ is residually finite, Γ induces the profinite topology on A, B, and Z, and
A, B, and Z are closed in the profinite topology of Γ. Let γ be an element of Γ not
belonging to a conjugate of either A or B (in other words, γ is hyperbolic). Let Tγ
be the Tits straight path of γ in the standard tree S on which Γ acts, and let Tγ be
its closure in the standard profinite tree Ŝ on which Γ̂ acts. Then:
(a) Tγ = 〈γ〉[v, γv[ for any v in Tγ;
(b) Tγ is the unique minimal 〈γ〉-invariant profinite subtree of Ŝ;
(c) Tγ is a connected component of Tγ considered as as abstract graph, in other
words, the only vertices of Tγ that are at a finite distance from a vertex of
Tγ are those of Tγ .
3. Profinite extensions of centralizers
Some properties of limit groups immediately pass to their profinite completion.
For instance, say Γ̂ is the profinite completion of a limit group. If Γ̂ is virtually
soluble, then it must be abelian; each open subgroup of Γ̂ is finitely presented
(as a profinite group); the group Γ̂ has infinite continuous abelianization if Γ is
non-trivial.
The present work introduces a class of profinite groups defined via extensions of
centralizers analogous to limit groups. We provide some motivation to define such
class.
An extension of centralizer of a discrete group Γ is an amalgamated free product
Γ ∗Z (Z ×B) where Z is the centralizer of an element of Γ and B is a free abelian
group of finite rank.
In the discrete case, the centralizer of each non-trivial element in a free group
is infinite-cyclic and, after performing an extension of centralizer, the centralizer
of the element becomes abelian. In the profinite case, the centralizer of each non-
trivial element that generates Ẑ in a free profinite group is meta-procyclic and, after
performing an extension of centralizer, the centralizer becomes either meta-abelian,
or (non-trivial procyclic)-by-(infinite dihedral pro-π), or contains a non-abelian free
pro-p subgroup. See Lemma 4.2 and Theorem 4.3, and Propostition 4.7.
Our construction is now introduced. Let C be a non-empty class of finite groups
closed with respect to taking subgroups, quotients, and finite direct products. We
inductively define the following classes of pro-C groups:
The class Z0(C) of all free pro-C groups of finite rank.
For each integer n > 0, the class Zn(C) of all groups Gn, such
that Gn is the amalgamated free pro-C product Gn−1 ∐Cn−1 An−1
satisfying the following conditions:
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A1. Cn−1 is a procyclic proper subgroup and a direct factor of a
free abelian pro-C group of any finite rank An−1.
A2. Cn−1 is a closed subgroup of the group Gn−1 of Zn−1(C) such
that the normalizer in Gn−1 of each non-trivial procyclic
subgroup of Cn−1 coincides with Cn−1.
Definition 3.1. The class Z(C) of pro-C groups consists of all finitely generated
profinite subgroups of some group Gn of Zn(C) with n ≥ 0. When C consists of all
finite groups, we simply denote Zn(C) by Zn, and Z(C) by Z.
Note that, when C consists of all finite p-groups the class Z(C) coincides precisely
with the class of groups originally studied by Kochloukova and Zalesskii [KZ11].
Indeed, the property of limit groups that the normalizer and the centralizer of
any non-trivial 1-generated subgroup coincide and are abelian holds for such pro-p
groups ([KZ11, Thm. 5.1]).
Remark 3.2. It follows from condition A2 in the definition of the class Zn, that
each non-trivial procyclic closed subgroup P of Cn−1 has abelian normalizer in Gn.
In fact, in light of Proposition 2.1 we have
NGn(P ) = NGn−1(P ) ∐Cn−1 NAn−1(P ) = Cn−1 ∐Cn−1 An−1 = An−1 .
The next theorem, whose pro-p analogue is unknown, gives the main source of
important examples of groups from the class Z. Before we prove it, recall that a
group acts k-acylindrically on a graph if only the trivial element fixes pointwise
each subset of diameter > k. Note that the action of Gn on its standard profinite
tree is not 1-acylindrical, since two distinct edges 1Cn−1 and gCn−1 incident to the
vertex 1An−1 have stabilizers whose intersection is Cn−1.
Lemma 3.3. For each n ≥ 1, the action of Gn on its standard profinite tree is
2-acylindrical.
Proof. Fix n. We shall prove that any three consecutive edges have stabilizers
that intersect trivially. After a translation in the profinite tree of Gn, we obtain
two distinct edges 1Cn−1 and gCn−1 incident to the vertex 1Gn−1; here,
g ∈ Gn−1−Cn−1. Note that gCn−1g
−1 is not contained in Cn−1 (indeed,
NGn−1(Cn−1) equals {x ∈ Gn−1 | xCn−1x
−1 ⊆ Cn−1} because closed
subsemigroups in compact groups are subgroups, and NGn−1(Cn−1) = Cn−1 by
definition). On the other hand, since Cn−1 is abelian, gCn−1g
−1 normalizes
Cn−1 ∩ gCn−1g
−1. So, this intersection must be trivial; otherwise, its normalizer
in Gn−1 would be Cn−1 by condition A2. The result follows. 
Theorem 3.4. The profinite completion of a limit group belongs to the class Z.
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Proof. First, let Γ be a finitely generated subgroup of a free group Γ0. Then Γ is a
free group and its profinite completion is a free profinite group of finite rank.
Next, let Γ be a finitely generated subgroup of the limit group Γn given by
Γn = Γn−1 ∗Zn−1 An−1, where Zn−1 is a 1-generated proper subgroup and a direct
factor of a finite rank free abelian group An−1, and Zn−1 is self-centralizing in Γn−1.
Note that Γ̂n = Γ̂n−1 ∐Ẑn−1 Ân−1. Indeed, the group Γn is residually free;
moreover, by [RZ96, Lemma 2.1], the profinite topology of Γn induces the profinite
topology on Γn−1, An−1, and Zn−1; so, the stated equality follows (cf. [RZ00b,
Ex. 9.2.7(2)]).
Now, we prove that the group Γ̂ is naturally embedded in Γ̂n. Indeed, Wilton
[Wil08, Thm. B] showed that there exists a finite index subgroup Υ in Γn containing
Γ and there exists a group homomorphism ρ : Υ → Γ that is an extension of the
identity map of Γ; thus, Υ is isomorphic to ker(ρ)⋊Γ. By [RZ00b, Lemma 3.1.4(a)
and Lemma 3.1.5(a)], the profinite topology of Γn induces the profinite topology
on Υ and the profinite topology of Υ induces the profinite topology on Γ. So, the
desired embedding follows (cf. [RZ00b, Lemma 3.2.6]).
To conclude the proof, we shall establish the last requirement of condition A2.
Claim. Let Γ be a limit group. If Z is a 1-generated subgroup of Γ such that
NΓ(Z) = Z, then NΓ̂(〈g〉) = Z for each non-trivial element g in Z. (Here the
closures are taken in Γ̂.)
It suffices to prove the claim for Γ = Γn. Let S be the standard tree on which
Γn acts (if n = 0, then S is the Cayley graph of Γ0). Let ζ be a generator of Z.
Suppose ζ does not fix any vertex of S (i.e., the element ζ is hyperbolic). Fix
n ≥ 1. In order to apply Proposition 2.4, recall that Wilton [Wil08, Thm. A] proved
that limit groups are subgroup separable. Let Tζ be the Tits straight path of ζ in
S and let Tζ be its closure in the standard profinite tree Ŝ on which Γ̂n acts.
Γ̂
✟✟
✟ ✿✿
Γ
✺✺
〈ζ〉
☎☎
〈ζ〉
Ŝ
✡✡✡
✼✼
S
✺✺
Tζ
✞✞
Tζ
Let N = NΓ̂(〈g〉). By Proposition 2.4(b), N acts naturally on Tζ ; for, the
translation of Tζ by an element of N is a minimal 〈ζ〉-invariant profinite subtree
of Ŝ. Now, note that N acts freely on Tζ. Indeed, if h in N fixes some element of
Tζ , then, by Proposition 2.4(a), there exists c in 〈g〉 such that c
−1hc fixes an
element of Tζ; so, by Proposition 2.4(c), Tζ ∪ c
−1hcTζ = Tζ ; whence, c
−1hc acts
on Tζ . Let H be the set of all elements of N that leave Tζ invariant; from the
2-acylindrical action of Γ̂ on Ŝ (Lemma 3.3), the obvious map H → Aut(Tζ) is an
embedding; so, being H torsion-free (Theorem A) and being Aut(Tζ) the free
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product of two groups of order 2 (i.e., the infinite dihedral group of Z), it follows
that the automorphism induced by c−1hc is the identity, that is, h = 1.
Next, we use an argument from covering theory. By Proposition 2.4(a), N\Tζ is a
quotient of the finite circuit 〈ζ〉\Tζ ; on the other hand, the connected profinite graph
Tζ is a simply connected profinite graph, because so is Ŝ (cf. [ZM89, Lemma A
in 1.3 and Thm. 3.4]); therefore, by [Zal89, Thm. 2.8 and Lemma 2.3] we get that
N is isomorphic to the abelian group Ẑ.
So, we obtain
Z ⊆ N ⊆ CΓ̂(Z) = CΓ(Z) = NΓ(Z) ,
where the last two equalities are from [CZ07, Prop. 3.5 and Lemma 3.3].
Note that the proof for n = 0 is, mutatis mutandis, the same (cf. [RZ96, proof
of Lemma 3.4]). This case is done.
Finally, suppose ζ fixes some vertex of S. Then, since it cannot fix a vertex that
is a coset of An−1, it is, up to conjugation in Γn, an element in Γn−1. By [ZM88,
Thm 3.12] NΓ̂((〈g〉) = NΓ̂n−1((〈g〉) so that the claim follows by induction on n. 
Simple examples of groups in the class Z are therefore the profinite completion
of surface groups, except those of non-orientable surfaces of genus 1, 2, or 3 (i.e.,
the real projective plane, the Klein bottle, and Dyck’s surface).
It is clear that the free profinite product of the profinite completion of two limit
groups belongs to the class Z. The next result provides more examples of groups
in the class Z.
The important construction of G. Baumslag known, nowadays, as Baumslag
double arises in his classical paper [Bau62] on residually free groups. It consists of
an amalgamated free product such that the amalgamated free factors are
isomorphic groups and the amalgamated subgroup is cyclic and self-normalizing
in each amalgamated free factor. Adding an obvious condition we obtain that a
Baumslag double of a group in the class Z stays in the class Z:
Proposition 3.5. Let G be a finitely generated profinite group contained in some
group Gn of Zn, let ϕ : G→ G
ϕ be an isomorphism of profinite groups. Assume that
C is a procyclic subgroup of G such that for each non-trivial procyclic subgroup D of
C we have NGn(D) = C. Then the amalgamated free profinite product G∐C=CϕG
ϕ
belongs to Zn+1.
Proof. Let Cn = C and An = C×〈t〉 with t such that An is a free profinite abelian
group of rank 2, and define Gn+1 = Gn∐Cn An. From hypothesis, Gn+1 belongs to
Zn+1. Since G ∐C=Cϕ G
ϕ is isomorphic to the subgroup 〈G, tGt−1〉 of G ∐Cn An,
it is a finitely generated closed subgroup of Gn+1. 
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One may apply this proposition to G = Γ̂n and C = Z with Z a 1-generated
self-normalizing subgroup of Γn (cf. Claim in the proof of Theorem 3.4). The proof
of the proposition carries over in the discrete and pro-p situations.
4. Main results
We begin this section by proving the homological Theorems A and F.
Proof of Theorem A. Say G is a closed subgroup of some group Gn of Zn. If n = 0,
we have cdp(G) ≤ 1. Suppose then n ≥ 1. In virtue of a Mayer-Vietoris sequence
associated to the amalgamated free product Gn−1 ∐Cn−1 An−1 (cf. [ZM88, (2.7)]),
we obtain
cdp(G) ≤ sup{2, cdp(G ∩ xGn−1x
−1), cdp(G ∩ yAn−1y
−1) | x ∈ Gn, y ∈ Gn} ,
because cdp(Cn−1) ≤ 1.
Let αp(G) = sup{ cdp(A) | A ≤c G, A abelian}. Then, by induction
cdp(G ∩ xGn−1x
−1) ≤ max{2, αp(G)}; and clearly cdp(G ∩ yAn−1y
−1) ≤ αp(G).
Hence cdp(G) ≤ max{2, αp(G)}. Furthermore, if cdp(G) ≥ 2, then we plainly have
max{2, αp(G)} ≤ cdp(G). 
To prove Theorem F we use the fact established by Grunewald, Jaikin-Zapirain,
and Zalesskii [GJZ08, Thm. 1.3] that limit groups are good (in the sense of Serre
[Ser94, I.§2.6]). A discrete group is good if the Galois cohomology of its profinite
completion coincides with the corresponding (discrete) group cohomology for finite
discrete modules. More precisely: a discrete group Γ is called good if for each finite
discrete Γ̂-module M , the obvious homomorphism
Hq(Γ̂,M) −→ Hq(Γ,M)
is bijective for any q ≥ 0.
Regarding Theorem A, note that if G is the profinite completion of a limit group
Γ, for each q > cd(Γ) we have Hq(G,M) = 0 for every discrete G-module M which
is finite, and hence which is torsion. So cd(G) ≤ cd(Γ).
Lemma 4.1. Let Γ be a discrete group and let M be a discrete finite Γ̂-module.
Consider the direct system (resp., the inverse system) consisting of the restriction
maps Hq(N,M)→ Hq(N ′,M) (resp., corestriction maps Hq(N
′,M)→ Hq(N,M)),
over the indexing set of all finite index normal subgroups N of Γ. We have:
(i) Goodness of Γ implies lim
−→N
Hq(N,M) = 0 for all q ≥ 1.
(ii) If Hq(N,Z) is finitely generated for each sufficiently small N for all q ≥ 0,
then lim
−→N
Hq(N,M) = 0 implies lim
←−N
Hq(N,M) = 0 for all q ≥ 1.
Proof. (i) Fix q and N . It suffices to prove that for each x in Hq(N,M) there
exists a finite index subgroup Nx of N such that the image of x under the map
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Hq(N,M)→ Hq(Nx,M) in the direct system is zero. This is a well-known exercise
of Serre [Ser94, I.§2.6, Exerc. 1, p. 13].
(ii) We may and do assume that M is a trivial N -module for each sufficiently
small N ; by cofinality this does not alter the limits. Fix q ≥ 1 and N . There
exists a finite index subgroup N ′ of N such that the map Hq(N,M)→ Hq(N ′,M)
in the direct system is the null map. It suffices to prove that the corestriction
Hq(N
′,M)→ Hq(N,M) is the null map.
By the Universal coefficient theorem (cf. [CE56, Thm. 3.3 and Thm. 3.3a of
Ch. VI]) we have the following commutative diagrams with splitting exact rows of
abelian groups
{0} // Hq(N
′,Z)⊗M //

Hq(N
′,M) //

Tor(Hq−1(N
′,Z),M) //

{0}
{0} // Hq(N,Z) ⊗M // Hq(N,M) // Tor(Hq−1(N,Z),M) // {0}
and
{0} // Ext(Hq−1(N,Z),M) //

Hq(N,M) //

Hom(Hq(N,Z),M) //

{0}
{0} // Ext(Hq−1(N
′,Z),M) // Hq(N ′,M) // HomZ(Hq(N ′,Z),M) // {0}
where ⊗ = ⊗Z, Tor = Tor
Z
1 , Ext = Ext
1
Z, and Hom = HomZ.
Let “asterisk” denote applying HomZ(– ,Q/Z). Duality homomorphisms (cf.
[CE56, Prop. 5.4 of Ch. VI and Prop. 5.2′ of Ch. II] – here the finiteness hypothesis
on Hq(N,Z) is used) together with M
∗ ∼= M , give us isomorphisms as horizontal
arrows in the two subsequent diagrams
Tor(Hq−1(N
′,Z),M) //

Tor(M∗,Hq−1(N
′,Z)) //

Ext(Hq−1(N
′,Z),M)∗

Tor(Hq−1(N,Z),M) // Tor(M∗,Hq−1(N,Z)) // Ext(Hq−1(N,Z),M)∗
and
Hom(Hq(N,Z),M) //

Hom(Hq(N,Z),M
∗) //

(Hq(N,Z)⊗M)
∗

Hom(Hq(N
′,Z),M) // Hom(Hq(N ′,Z),M∗) // (Hq(N ′,Z)⊗M)∗ .
Since the restriction is null, it follows that so is the corestriction. 
We mention that both reverse implications of the previous Lemma hold. The
finiteness hypothesis in item (ii) is satisfied for groups of type FP over Z.
Proof of Theorem F. Let G be the profinite completion Γ̂ of a limit group Γ.
(a) Let d = cd(Γ) and let 0→ Rd → . . .→ R0 → Z→ 0 be a projective resolution
of the trivial Z[Γ]-module Z with all Ri finitely generated. Consider the finitely
generated profinite projective Fp[[Γ̂]]-modules Pi defined by Pi = Ri⊗Z[Γ] Fp[[Γ̂]]. In
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light of Lemma 4.1, the sequence . . . → P2 → P1 → P0 → Fp → 0 is exact, since
its q-th homology is isomorphic to lim
←−N
Hq(N,Fp) (cf. [KZ08, Lemma 2.1]). So G
is of type FP∞ over Fp. Finally, since Zp = lim←−
Z/pkZ, by passing to the limit it
follows that G is of type FP∞ over Zp (cf. [KZ08, Thm. 2.5]).
(b) Using the notation in item (a), consider the finitely generated profinite projetive
Zp[[Γ̂]]-modules Qi defined by Qi = Ri ⊗Z[Γ] Zp[[Γ̂]]. We have that Qi ⊗Zp[[Γ̂]] Zp
is isomorphic to Ri ⊗Z[Γ] Zp and hence to Ri ⊗Zp[Γ] Z ⊗Z Zp; thus its Zp-rank
equals rkZ(Ri ⊗Z[Γ] Z). So, the desired Euler-Poincare´ characteristic over Zp can
be expressed as follows
χZp(Γ̂) =
∑
i
(−1)irkZpHi(Γ̂,Zp) =
∑
i
(−1)irkZpTor
Zp[[Γ̂]]
i (Zp,Zp)
=
∑
i
(−1)irkZp(Qi ⊗Zp[[Γ̂]] Zp) =
∑
i
(−1)irkZ(Ri ⊗Z[Γ] Z)
=
∑
i
(−1)irkZTor
Z[Γ]
i (Z,Z) =
∑
i
(−1)irkZHi(Γ,Z) = χ(Γ) .
The last assertion of item (b) follows from its discrete version proved by
Kochloukova [Koch10, Lemma 5]. Note that the cohomological Euler-Poincare´
characteristic of Γ̂ over Fp equals χZp(Γ̂) because
dimFp(Si ⊗Fp[[Γ̂]] Fp) = rkZp(Si ⊗Zp[[Γ̂]] Zp) .
(c) Fix an index k. By Pontryagin duality, Hq(Uk,Fp) ∼= Hq(Uk,F∗p)
∗ (cf. [RZ00b,
Prop. 6.3.6]). Moreover, Uk is of type FP∞ over Zp, because so is G; hence
Hq(Uk,Fp) is finite, and therefore Hq(Uk,Fp) is isomorphic to H
q(Uk,Fp). Now,
let Nk be the preimage of Uk under the canonical map Γ → Γ̂. Note that
dimHq(Uk,Fp) = dimHq(Nk,Fp). For, from goodness, Hq(Uk,Fp) ∼= Hq(Nk,Fp),
and by the Universal coefficient theorem, Hq(Nk,Fp) ∼= Hom(Hq(Nk,Fp),Fp). So,
the desired result follows from its discrete version demonstrated by Bridson and
Kochloukova [BK17, Cor. B]. 
The rest of this section is devoted to the group-theoretic structure of groups in
the class Z. To prove Theorem B we show next that a very strong form of Tits
alternative holds for these groups.
As generally expected, the profinite situation is more complex than discrete or
pro-p. For instance, this is already evident in the class Z0: it is easy to find
a projective profinite group which is non-free, non-abelian, and virtually Ẑ (e.g.,
some Zp′ ⋊ Zp). We have included a proof of the following straightforward lemma
for the sake of convenience.
Lemma 4.2. Let G be a projective profinite group. The following assertions are
equivalent:
(i) G has no non-abelian free pro-p closed subgroup, for any prime p;
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(ii) G is meta-procyclic projective (i.e., isomorphic to Zπ⋊Zρ, for some disjoint
sets of primes π and ρ);
Moreover, if G is nilpotent then it is procyclic.
Proof. From condition (i), every p-Sylow subgroup of G is procyclic. Clearly, the
p-Sylow subgroups of each finite quotient of G are cyclic. Hence the commutator
subgroup and the abelianization of each finite quotient of G are cyclic groups of
coprime orders (cf. [Zas49, Ch. V, Thm. 11]). Passing to the limit we get that
[G,G] and G/[G,G] are procyclic groups of coprime orders. Thus, we reach (ii)
from the profinite version of Schur-Zassenhaus theorem for profinite groups (cf.
[RZ00b, Thm. 2.3.15]).
Moreover, if G is nilpotent, then it is the cartesian product of its Sylow
subgroups, hence procyclic. 
Theorem 4.3. Let H be a closed subgroup of a group in the class Z. The following
assertions are equivalent:
(i) H has no non-abelian free pro-p closed subgroup, for any prime p;
(ii) H is abelian or meta-procyclic projective;
Moreover, nilpotent closed subgroups of a group in the class Z are abelian, and there
exists a uniform (finite) bound for their rank.
Proof. Say H is a closed subgroup of some group Gn of Zn. If n = 0, then
Lemma 4.2 concludes the proof.
Suppose then n ≥ 1. Let T be the standard tree on which Gn acts, and restrict
this action to H . From Lemma 3.3, the only possible cases of Theorem 2.2 are (a)
and (c.1). This completes the result. 
In particular we have proved Theorem B.
Corollary 4.4. The profinite completion of a non-abelian limit group has trivial
centre.
Proof. Let G be the profinite completion of a non-abelian limit group. If the non-
abelian group G is free profinite of finite rank, then it has trivial centre Z(G) (cf.
[RZ00b, Lemma 8.7.3(a)]).
Next, suppose G is a closed subgroup of Gn = Γ̂n−1 ∐Ẑn−1 Ân−1, where Γn−1,
An−1, and Zn−1 are as in the proof of Theorem 3.4. Let T be the standard profinite
tree on which Gn acts, and let D be a minimal Z(G)-invariant profinite subtree of
T (see Proposition 2.3).
If D is a singleton, then Z(G) is the stabilizer of a vertex of T ; in other words,
Z(G) is a subgroup of gΓ̂n−1g
−1 or gÂn−1g
−1 for some g inGn. In the first situation
we use induction on n; in the second, since G is non-abelian, we obtain Z(G) =
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h−1Z(G)h ⊆ Ân−1 ∩ hgÂn−1(hg)
−1 for any h in G−Ân−1. So, by Lemma 3.3, we
get Z(G) = {1}.
Otherwise, by Lemma 3.3, we could apply [Zal90, Lemma 2.4(d)] to see that
Z(G) would act freely onD and be isomorphic to Zπ for a non-empty set π of primes;
moreover, it would act freely on T (cf. [ZM88, Thm. 2.13]). Now, writing G = Γ̂,
we may and do assume that Γ intersects some edge stabilizer of the tree on which it
acts; for, otherwise Γ is a free product, and hence G is a free profinite product and
thus a centreless group (cf. [RZ00b, Thm. 9.1.12] or [ZM88, Thm. 2.13]). Thus, the
intersection of G with a conjugate of Ẑn−1 is isomorphic to Ẑ. Therefore, the closed
subgroup H of G generated by Z(G) and that intersection would be isomorphic to
Zπ × Ẑ; hence H would contain a closed subgroup isomorphic to Zp×Zp which, by
Lemma 3.3 and Theorem 2.2, would fix a vertex of T . By [Zal90, Prop. 2.1], the
minimal H-invariant profinite subtree of T would be a vertex. So, this case cannot
happen. 
Now we turn to Theorem C. It follows at once from the next more general
theorem, which should be compared with [HZZ16, Prop. 2.4], [SZ14, Thm. 3.5],
and [WZ17a, Thm. 11.1].
Lemma 4.5 (cf. [WZ17b, Lemma 3.7]). Let H be a pro-p group acting on a pro-p
tree T with compact non-empty edge set having only finitely many maximal vertex
stabilizers up to conjugation. Suppose the distance between any two distinct vertices
in the orbits of those finitely many vertices is infinite. If k is a given integer ≥ 0,
then H acts on a quotient pro-p tree D with non-empty edge set such that the
stabilizer of each edge in D fixes at least k edges in T .
Proof. Let Hv1 , . . . , Hvn be maximal vertex stabilizers of T up to conjugation;
each edge or vertex m of T has stabilizer Hm contained in some of Hvi up to
H-translation of m. Assume Hm ⊆ Hvi . Thus Hm fixes the smallest pro-p tree S
containing m and vi; if m 6= vi, then each vertex of S has an incident edge (cf.
[ZM88, Prop. 2.15]). Let Tk(v) be a maximal subtree of radius k around v. Thus,
if m 6= vi, then m 6∈ Tk(vi) and the stabilizer Hm fixes at least k distinct edges.
Now
⋃n
i=1HTk(vi) is a profinite H-subgraph of T and collapsing all its connected
components to distinct points in T we obtain, by [Zal92, Proposition, p. 486], a
pro-p tree D on which H acts with edge stabilizers stabilizing at least k distinct
edges of T . 
Theorem 4.6. Let G be a profinite group acting acylindrically on an infinite
profinite tree T with compact edge set such that the edge stabilizers are procyclic.
Each finitely generated pro-p closed subgroup H of G splits as
H = (H ∩ stabG(v1)) ∐
p . . . ∐p (H ∩ stabG(vn)) ∐
p F ,
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where ∐p denotes the free pro-p product, v1, . . . , vn are vertices of T , and F is a
free pro-p group.
Proof. By [SZ14, Thm. 3.5], there are only finitely many maximal by inclusion
vertex stabilizers in H up to conjugation. By [WZ17a, Lemma 11.2], we can apply
Lemma 4.5 to see that H acts on a profinite tree D such that each edge stabilizer
stabilizes at least k distinct edges and hence is trivial. Then the result follows from
[HZZ16, Prop. 2.4]. 
This proves Theorem C. We should mention that, by Lemma 3.3, the previous
theorem follows by direct application of [WZ17b, Thm 3.8].
Finally we investigate the strong property of the transitivity of the commutation.
The conclusion is Theorem D. Recall that a group G is commutativity-transitive if
for any three non-trivial elements a, b, and c in G if a commutes with b and b
commutes with c then a commutes with c; or equivalently, if the centralizer of each
non-trivial element in G is abelian.
Proposition 4.7. Let H be a closed subgroup of a group in the class Z, and let g
be an element of H such that 〈g〉 is isomorphic to Ẑ. Then:
(i) the centralizer CH(g) is maximal abelian or meta-procyclic projective;
(ii) the normalizer NH(〈g〉) is maximal abelian or meta-procyclic projective, it
is abelian only if it coincides with CG(g).
Proof. (i) It suffices to prove the result for H = Gn. We proceed by induction on
n. By simplicity, set G = Gn and C = CG(g).
If n = 0, we have that 〈g〉 is a normal subgroup of the projective profinite group
C. Let S be a p-Sylow subgroup of C. Then 〈g〉 ∩ S is the p-Sylow subgroup of
〈g〉, and the free pro-p group S has a non-trivial normal procyclic subgroup; so S
is isomorphic to Zp. Hence C is meta-procyclic projective, by Lemma 4.2.
Suppose then n ≥ 1. Let T be the standard profinite tree on which Gn acts. By
Proposition 2.3 there exists a (non-empty) minimal C-invariant profinite subtree D.
When D has only one element, there is an element x in Gn such that the conjugate
subgroup xCx−1 is contained in Gn−1 or An−1. By induction hypothesis, it follows
that C is abelian or meta-procyclic. SupposeD has more than one element. Thus, C
acts faithfully on D by Lemma 3.3; hence it is projective by [Zal90, Lemma 2.4(d)].
The second paragraph of this proof gives the result.
(ii) Since the automorphism group Aut(〈g〉) is abelian, the group NH(〈g〉) is
metabelian-by-abelian, and thus abelian or meta-procyclic projective, by
Theorem 4.3. The last assertion of the theorem is obvious. 
Acylindricality shortened the proof but it is not essential to the result.
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Corollary 4.8. In a group in the class Z, each closed subgroup having Ẑ as a direct
factor must be abelian. 
For the next and last theorem of this section we recall concepts of covers of
profinite groups. Let Φ(G) denote the Frattini subgroup of a profinite group G.
We say that an epimorphism of profinite groups ϕ : G˜ → G is a projetive (resp.
Frattini) cover if, G˜ is projetive (resp. ker(ϕ) ⊆ Φ(G˜)). By [RZ00b, Lemma 2.8.15]
(cf. [FJ05, Prop. 22.6.1]), to each profinite group G there exists an epimorphism
ϕ˜ : G˜ → G, which is projetive and Frattini. Such cover, which is unique up to
isomorphism, is called the universal Frattini cover.
Theorem 4.9. A commutativity-transitive group in the class Z is either abelian
or pro-p.
Proof. A commutativity-transitive group will be called a CT-group, for simplicity.
Let G be a finitely generated profinite subgroup of some Gn with G a CT-group.
The proof is by induction on n.
If n = 0, then G is either procyclic or non-abelian free pro-p. Indeed, let Q be a
non-abelian finite quotient of G having elements of distinct coprime orders. Then,
the canonical map G → Q factors through the universal Frattini cover ϕ˜ : Q˜ → Q
(since G is projective), in such a way that G→ Q˜ is also an epimorphism (because
ker(ϕ˜) ⊆ Φ(Q˜)). Now, the Frattini subgroup Φ(Q˜) is an open normal subgroup
of Q˜, and Q˜ has a non-trivial p-Sylow, say Sp. Intersecting Sp with Φ(Q˜) we
obtain a p-Sylow subgroup of Φ(Q˜), which has finite index in Sp. Thus, since Φ(Q˜)
is pronilpotent, Sylow subgroups of Q˜ relative to distinct primes must commute
pointwise; hence Q˜ is pronilpotent. On the other hand, being Q˜ projetive, it can be
seen as a subgroup of G; so Q˜ is also a CT-group. Therefore, each Sylow subgroup
of Q˜ is abelian; hence so is Q˜.
Next, assume the result is true for the class Zn−1. Consider Gn ∈ Zn where
Gn = Gn−1 ∐Cn−1 An−1 with An−1 = Bn−1 × Cn−1 and Gn−1 6= Cn−1 6= An−1.
Let Dn−1 be a non-trivial procyclic maximal direct factor of Bn−1 (which may
coincide with Bn−1) and define K = 〈gDn−1g−1 | g ∈ Gn〉. By [Zal95, Thm. B],
K is a projective profinite group. Consider H = K ∩ G. Since in the second
paragraph of the proof we did not use the fact that G is finitely generated, we have
three possibilities for H : non-abelian free pro-p, non-trivial procyclic, or trivial. To
conclude the proof we henceforth suppose that G is not pro-p.
First, we claim that H cannot be a non-abelian free pro-p group. Indeed, since
there exists an element y in G such that 〈y〉 is isomorphic to Zq with q 6= p, and
since G is a CT-group, the subgroup 〈y〉 would act non-trivially on the normal
subgroup H ; that is, there would exist x in H that would not commute with
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y. So the subgroup 〈x, y〉 would be CT, projetive, non-abelian and non-pro-p; a
contradiction to the second paragraph.
Second, suppose that H is non-trivial procyclic. We take a non-trivial ℓ-Sylow
subgroup S of H , which is characteristic in H , and hence normal in G. If S is
central in G, then G must be abelian. Otherwise, there would exist an element in
G that would not commute with S and hence there would exist a subgroup T , of
order a power of a prime r, that would not commute with S. Consider then S.T ,
which would be isomorphic to Zℓ ⋊ Zr. If r 6= ℓ, then this product, and hence G,
would not be CT (because a non-abelian CT-group is centreless); the case r = ℓ,
could not happen by Theorem 4.3.
Third, suppose H is trivial. Note that, K is the kernel of the epimorphism
Gn −→ Gn−1∐Cn−1 (An−1/Dn−1) induced by the identity map of Gn−1 and by the
canonical map An−1 → An−1/Dn−1. Thus we have an embedding
G −→ Gn−1 ∐Cn−1 (An−1/Dn−1) .
If d(An−1) = 1, then An−1/Dn−1 is Cn−1 and we are done; otherwise,
d(An−1/Dn−1) < d(An−1). So, the result follows inductively. 
Corollary 4.10. The profinite completion of a limit group Γ is commutativity-
transitive if, and only if, Γ is a free abelian group of finite rank.
Proof. Being Γ residually free, if it is non-abelian, then it has a finite non-p-group
as a quotient; hence its profinite completion is not a pro-p group. 
5. Final comments
In this last section we make a few comparisons concerning group-theoretical
properties of limit groups, “limit pro-p groups” (i.e., those studied in [KZ11]), and
groups in the class Z.
First, if p and q are distinct primes and q divides max{2, p − 1}, consider
Zp ⋊ Zq. This example shows that non-abelian groups in the class Z may have
non-trivial centre (versus non-abelian limit groups must have trivial centre);
moreover, virtually abelian groups in the class Z are not necessarily abelian
(versus virtually nilpotent limit groups must be abelian).
Next, groups in Z may have finite continuous abelianization; e.g., the universal
Frattini cover of a non-abelian finite simple group has trivial continuous
abelianization (because any Frattini cover of a perfect profinite group is perfect).
Furthermore, the non-procyclic group Ẑ ∐ Zp has deficiency one, while every
closed abelian subgroup of it is at most 1-generated. For limit groups or “limit
pro-p groups”, if every closed abelian subgroup at most 1-generated but the groups
themselves are not 1-generated then their deficiency must be ≥ 2.
Also, Howson’s property fails for groups in the class Z already at n = 0:
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Proposition 5.1. The free profinite group of rank 2 does not satisfy the finitely
generated intersection property of Howson.
Proof. (A. Jaikin-Zapirain [J15]). Let p and q be two different primes. Pick a
closed normal subgroup N of a free profinite group F of rank 2 such that F/N
is isomorphic to the free pro-q group A with basis {a}. Let H = N/Np be the
maximal pro-p quotient of N . So, the 2-generated group G = F/Np is a semi-direct
product of the infinitely generated free pro-p group H and A.
Now, let T be a free pro-q group with basis {g1, g2}. Define its action on H in
such a way that g1 and g2 act as does a. Form a semidirect product T ⋉H and, for
i = 1, 2, take the subgroup Gi topologically generated by gi and H therein. Being
G1 and G2 isomorphic to G, they are 2-generated.
So, T ⋉H is a 3-generated profinite group. Since its Sylow subgroups are free,
it has cohomological dimension 1, and therefore it is a subgroup of a free profinite
group. But G1 ∩G2 = H is not finitely generated. 
Finally, a non-abelian free profinite group cannot be residually soluble. We do
not know whether the “limit pro-p groups” are necessarily residually nilpotent.
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